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n A cycle shop has a total of 
36 bicycles and tricycles in 
stock.  Collectively there are 
80 wheels.  How many 
bicycles and how many 
tricycles are there?* 

*Adding It Up,  National Research Council, 2001, p.126 
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Some Math Preconceptions Discussed in  

“How Students Learn: History, 
Mathematics, and Science in the 
Classroom” 
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There are 125 sheep  
and 

 5 dogs in a flock. 
 

How old is the shepherd? 
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*The “How Old Is the Shepherd?” question was popularized 
by an essay written by Professor Katherine K. Merseth in 
1993 and was based on research by Professor Kurt 
Reusser in a paper presented at the 1986 American 
Educational Research Association annual meeting.  It is 
noteworthy that Professor Merseth wrote that “researchers 
report that three out of four schoolchildren will produce a 
numerical answer to this problem.”  Thirty years later that 
statement still held true. 



Approximate the sum of 8/9 plus 12/13?  
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#1 #2 

}  Many people 
immediately try to find 
the lowest common 
denominator for the 
two fractions and then 
add them, because that 
is the procedure they 
learned in school.  

}  Some people take a 
conceptual rather than 
a procedural approach 
and realize that 8/9 is 
almost 1, and so is 
12/13, so the 
approximate answer is 
a little less than 2.  
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The point here is that all math problems 
do not necessarily have to be addressed 

by using computation.  
 

If you need an exact answer to this 
problem, then computation is the way to 
go. In this case conceptual understanding 

provides a way to estimate the 
correctness of computation.  
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How often do we hear this 
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}  A rectangle has an area of 36 sq.units  
and a perimeter of 30 units.  
 
What is its length and width? 
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Whereas many try to 
simplify things so that 
students need not struggle 
at all. 

There is a tendency to believe that 
ability is more important than 
effort. 
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A gateway to 
higher 

mathematics? 
 
 
    
 
 

OR 
A wall blocking path 

for  
students?  

Why is understanding mathematics so 
important?? 
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}  What is mathematical thinking? 

}  Why is mathematical thinking so important? 

}  Why is mathematical thinking difficult? 

}  What can we do to help students succeed in 
math? 
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}  What is algebraic thinking? 

}  Why is algebraic thinking so important? 

}  Why is algebraic thinking difficult? 

}  What can we do to help students succeed in 
math? 
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} CONCRETE 
 
} REPRESENTATIONAL 
 
} ABSTRACT 
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   A teaching method 
that uses actual 
objects in the 
teaching of 
mathematical 
concepts 
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     A teaching method 

that uses pictures, 
tally marks, 
diagrams, and 
drawings in teaching 
mathematical 
concepts. These 
pictorial 
representations relate 
directly to 
manipulatives and 
provide scaffolding 
that enables students 
to solve numeric 
problems at the 
abstract level. 
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Concrete Representational Abstract 
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Say, “How many sets of three go into 8?” 
8 sticks 
3 cups 
 
Distribute sticks into cups evenly and ask, “Are there an 

equal number of sticks per cup? How many sticks per cup?” 

2 sticks per cup with 2 more 
sticks that need to be divided 
into 3 cups. 

2 sticks      + 2 more sticks 

   cup          3 cups 
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    A teaching method 
that uses written words 
(including braille), 
symbols (such as 
variables or numerals), 
or verbal expressions 
(including sign 
language)  
 in teaching  
 mathematical  
 concepts. 
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}  Numbers or other 
mathematical objects 
can be represented 
abstractly using 
variables. 

}  Relationships 
between 
mathematical objects 
can often be 
represented 
abstractly by 
combining variables 
in expressions, 
equations or 
functions. 
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•  Use simple 
(discrete) materials 
to represent the 
abstract numbers 
and symbols.	


•  Model how to 
manipulate the 
materials in ways to 
problem solve.	
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Concrete 

Representationalll 

Abstract 
4x = 8 
  x = 2 

4x = 8 
  x = 2 
 

4x = 8 
  x = 2 
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    3x                  +     4         =              16"
"
"
"
"
"
"
"
"
                                       x =  4"
"

Representing How To Solve One-variable Algebraic Equations	
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}  What is algebraic thinking? 

}  Why is algebraic thinking so important? 

}  Why is algebraic thinking difficult? 

}  What can we do to help students succeed in 
math? 
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"There will always be change — new jobs, new 
products, new services. But the one thing we know 
for sure is that with each advance in globalization 
and the I.T. revolution, the best jobs will require 
workers to have more and better education to 
make themselves above average." 

 
 

36 

 
Thomas L. Friedman 

New York Times, January 24, 2012 
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}  A key to success “in mathematics” is the 
development of algebraic thinking as a 
cohesive thread in the mathematics 
curriculum from prekindergarten through 
high school. 

 
Cathy Seeley, President 

National Council of Teachers of Mathematics 
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}  What is algebraic thinking? 

}  Why is algebraic thinking so important? 

}  Why is algebraic thinking difficult? 

}  What can we do to help students succeed in 
math? 
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} Equality 
} Pattern Generalization 
} Relational Thinking 
} Number sentences, equations, 
inequalities 

} Ratio and Proportion 
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}  May have difficulty reading, 
writing, discussing and/or 
solving problems 

}  May or may not know a variety 
of problem-solving strategies 

}  May or may not be able to select 
and apply appropriate strategies 
to a given task 

}  Probably unable to generalize 
strategies to new situations 
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}  Metacognition 
}  Pattern Recognition 
}  Language   
}  Memory 
}  Visual-Spatial Deficits  
}  Inadequate Skills 
}  History of Failure 
}  Ineffective Instruction  

ISK September 11, 2014 



 
Too often we replace our students’ 

reasoning with sets of rules and procedures 
that disconnect problem solving from 

meaning.  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}  Read, write, discuss and 
solve problems 

}  Know a variety of 
problem-solving strategies 

}  Select and use appropriate 
strategies 

}  Generalize strategies to 
new situations 

ISK September 11, 2014 



}  What is algebraic thinking? 
}  Why is algebraic thinking so important? 
}  Why is algebraic thinking hard? 
}  What can we do to help students succeed in 

math? 
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What 
should 
we do for 
these 
students? 
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}  Typical class 
◦  Warm-up, check homework 
◦  Demonstrate a procedure with definitions 
◦  Students practice the procedure 
◦  Homework 

}  80% of the mathematics concepts are only 
stated not developed 

}  95% of seatwork engaged in practicing 
routine procedures 



 

 

“Teachers need to develop a range of ways of 
interacting with and engaging students as they 
work on tasks and share their thinking with 
other students.  This includes having a 
repertoire of specific kinds of questions that 
can push students’ thinking toward core 
mathematical ideas as well as methods for 
holding students accountable to rigorous, 
discipline-based norms for communicating 
their thinking and reasoning.”   

(Smith and Stein, 2011) 



Levels of Analysis and Sense making 

Phase 1:  Making Thinking Explicit 
(Explaining Reasoning) 

Phase 2:  Analyzing Each 
Other's Solution 

(Analyzing Low Level to More 
Sophisticated Reasoning) 

Phase 3: Developing New 
Mathematical Insights 
(Abstract Mathematical 

Concepts) 

From Whole Class Mathematics Discussions, Lamberg, Pearson 
2012 
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Make “why?” 

“how do you know?” 
“convince me”  

“explain that please” 
“What if” 

And everyday occurrence  
 
 



}  They forget – so we need to more deliberately 
review; 

}  They see it differently – so we need to 
accommodate multiple representations; 

}  They approach it differently – so we need to elicit, 
value and celebrate alternative approaches; 

}  They give ridiculous answers – so we need to 
focus on number sense and estimation; 

}  They don’t understand the vocabulary – so we 
need to build language rich classrooms; 

}  They ask why do we need to know this – so we 
need to embed the math in contexts. 
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